1. Introduction. Pinney [3 ] has remarked that the nonlinear equation y"+qy = cy~3, where q is a function of the independent variable x and c is a constant, can be solved by the substitution y2 = u2 -v2, where u, v are appropriately chosen solutions of the linear equation u"+qu = 0. This suggests the question: what equations of order n have general solution expressible as F(ui, • • • , u"), where Ui, ■ • • ,un constitute a variable set of solutions of a fixed linear differential equation? The present paper gives a partial answer to this question by determining all equations equivalent to linear equations (i) which are of the first order ; (ii) which are homogeneous, of the second order, and have F depending on only one u ; and (iii) which are homogeneous, of the second order, and have F homogeneous of nonzero degree in two u's.
Moreover, it is shown that:
The nonlinear equation The class sought consists of those equations which can be put in the form (3.2). For a given equation an F is found from (3.1). Note that F also satisfies
the special form of (3.2) for p = q = 0.
If F is homogeneous of degree k^O, then F can be taken as uk and (3.2) assumes Painlevé's form [2, p. 35, equation (1) By hypothesis, (4.2) is to reduce to f(y", y', y, p, g)=0, where y", y', y, P, 2 are indeterminates. This entails that the right member of (4.2) reduce to a function of y by virtue of (4.1) when y', p, q are independently given arbitrary values. The indeterminate p can be replaced by w, subject to the restriction w^O, since Except for the constant c, which remains arbitrary, the equivalent equation (1.1) is completely determined.
To find F, seek G. From (4.6), (4.7)
C(F) = c«*-^1"4'.
Substituting (4.6) in (4.3) gives
Hence G is a solution of the equation If the above expressions for «0, Vo, «o', v¿ are multiplied respectively by ar1, a, a~l, a, where a5¿0, the same values yo, yo', Wo result. This corresponds to the fact that of the four constants in the pair u, v only three have been expended. It will be noted that the constant c, when not zero, can be absorbed into w in (1.1), its role being simply to distinguish the two cases.
The case k = 0 does not yield directly to the method of this paper. If k = 0, then F is a function of a single variable u~xv but, contrary to what is true in §3, that variable does not satisfy a given linear equation.
